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1 Forward Reinforcement Learning

Reward Solve for ‘ Equilibrium
r(z,a, ) | optimal 7* ‘ (7™, 1)
Mean-field Term
Let (x14,...,2N ) be exchangeable. Then
| N
,uiv = NZ(Sg;j’t — ¢ (a.s.) as N — oo,
j=1

under Assumption (1). And conditioned on (i, agents are independent.

Representative-Agent Problem (Average Cost)

Fix a stationary population law x (or a stationary flow {1} that has converged). The representative
agent chooses a stationary policy 7 to minimise the long-run average cost

T—1
1
Viu(m, o) = limsup — Z E" [T(:Et, at, ,u)] where xg ~ L.

Here, dynamics follows ;1 ~ P( | x, ar, 1), ar ~ 7(- | 2¢). Now define
pp) = max Vi, (7, o).

This criterion will serve as our reference for optimality.

Mean-Field Game — Schematic

observe P(-\xt,at,,ut)
@ {Cbt ~ W(It, /Lt)} Lt+1

(¢, ag,
M (1, s, ) aggregate
Tt
a fh+1
..._population dynamics
State X+ € S (discrete)

Population ;; € P(.S) empirical distribution of states

Action A € A(Xy) chosen by policy 7( - | Xy, i)

Reward Rt = T(Xt, At, ,ut)

Dynamics X1~ P(- | Xy, At, pt)

Coupling: each agent uses (X, uit), while 113 aggregates everyone’s states.

2 Mean-Field Average-Cost Soft Bellman Equation
Mean-Field Soft Average-Cost Bellman

For a fixed population law p and parameter 0 > 0:

plp) + hlaip) = maxiD Sl 2) (@ ain) + 3 Py | =,0:p) hly: )| + S H(( | )}

Y
where H (7)== — >  m(a )logﬂ( ).
Softmax Closed Form
p(p) + h(z;p) = 6 log) exp(% r(za; )+ Y Py | z,a; 1) h(y; )] )
a Y
Optimal Stochastic Policy

exp(% [r(a:, a; ,LL) + Zy P(y ’ X, a, M) h(y; M)])
S exp(3[r(z, ') + 3, Ply | @, a/s ) hly; w)])

3 Fixed-Point Iteration for Mean-Field Equilibrium

(1) Best-Response / Softmax Policy For a population measure 1 and entropy weight 0 > 0, define

™ (a | @ p) =

(| z) = softmaxl(QM(:c )
= arg  max {ZW (a | x)(r(z,a; p) +Z P(y | =, a; 1) hy(y)) + 6 H(m(- | x))}

m(-|z)eA(A aEA yeX
with h,, solving the average-cost Bellman equation under .
[ g g q M

(2) Population-Update Map Using 7, propagate the population forward:

=33 Pyl wap) mula| ) ple),  ye X

reX acA
A mean-field equilibrium is a fixed point ;1* = ' of this two-step operator.

Corollary (Policy Lipschitz)

For the soft-max policy
myula | x) o exp(QZ(a:, a)/T),
there exists a constant C; > 0 such that
7y —melln < Crlle— il

Algorithm 1 Contraction Fixed-Point Iteration for Mean-Field Equilibrium

Require: Initial measure pg € P(X), temperature 6 > 0, tolerance € > 0
L <= [
2: repeat
3:  h + BELLMANSOLVE( )
™ <= SOFTMAXj /5(h)
1t/ < POPUPDATE(, )

4
5:
6 A —plls ope
7
8

// span-contraction step

until A < ¢
. return Equilibrium measure p and policy 7
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1 Inverse Reinforcement Learning

Expert Behavior Feature Moment

Max Entropy IRL ‘ Recovered Policy
(7B, LE) Az

solve (OPT), ‘ *(a | x)

A widely used assumption 1n IRL for MFGs 1s that the reward function can be expressed as a linear
combination of feature vectors, which depend on the state, action, and mean-field term:

R = {r(x,a,,u): 0, f(z,a,1)) | 0 € RF, f:XxAxP(X)%IR{k}

where f(z,a, 1) € R¥ is the feature vector that includes information about the state-action pair (x, @) and
the mean-field term .

Assumption 1 We assume that for any policy m and mean-field term u, the state process is positive Harris
recurrent and aperiodic, guaranteeing the convergence of empirical averages [I, Thm. 13.3.3]. In other
words, the state process exhibits ergodic behavior under any policy and mean-field term, ensuring long-
run statistical stability. Assuming the expert population distribution p g is known is standard, as it can be
consistently estimated from long-run trajectories. [1, Thm. 13.3.3]

Definition 1 average-reward expected feature vector under the mean-field equilibrium (7 g, ug) for g ~
L is defined as,

Prepgs = Jim = S BT [f(zy, ap, )] (1)

2 Entropy-Regularized Inverse Learning
Definition 2 Average-reward causal entropy H ( ) of the policy w € 1l is defined as follows

— _ URYY!
H(r) = lm = Z E™HE [—log m(at | )] .

This principle selects the least biased policy among those consistent with expert demonstrations [2] . We
define the average-cost maximum causal entropy IRL problem:

(OPT)q maximize, H ()

m(a|x) >0V(r,a) e X x A

DoucATla | z) =1V e X

pp(x) = Z( yeAxx P |y, a,pp)mlaly) pply) Vo € X
limp_, o T ZT : ETHEf (2, ar, pg)] = <f>7TEaNE

3 Convex Reformulation via Occupation Measures

Definition 3 We define the state-action occupation measure vy for any policy w € Il and corresponding
state occupation measure as

subject to

= Z vr(x,a).

vr(z,a) = Tlgnoof Z E™HE |1 { {(xy,a1)=(z,a)}
acA

Under ergodicity, vy defines a valld probabllzty measure over X X A.

Lemma 1 Suppose m € 1l is a feasible point for the optimization problem (OPT). Then:

1. State Marginals: v¥ (z) = pp(z) = Z@@)p(x |y, a, ug) vr(y,a) forall xz € X.

2. Entropy: H(w) = Z(%Cb) — log (V;;x(;?) vr(z,a).
3. Feature Expectation:  (f)r ., = 2 (3. q) [(@, 0, pp) vr(z, a).

In view of above results, let us now reformulate (OPT), in terms of state-action occupation measure [3] .
Although (OPT) is nonconvex, it can be reformulated as an equivalent convex program over occupation
measures. This new formulation 1s denoted by (OPT) which is convex and yield the same solution as

(OPT),:

(OPT) maximize, D (1,0)EX XA log< <x(a>)) v(z,a)
subject 0 D, yexx A S (@ a, pp) v(@,a) = (frpup

(33) ZyaEXXAp(x|yaaUE> (,CL)\V/ZEEX
X (2) = uplz) Yo € X

(x,a) EO‘V’(x,a) c X x A.

The optimization problem (ﬁ) 1S convex: its objective combines a strongly concave entropy term with a
linear component, and all constraints are linear in the occupation measure v. Using convex duality [4] and
Sion’s minimax theorem [5], the problem (OPT) admits the dual formulation:

i {log 30 o) o (fa) — Y O sl

a€R’B.0€R" (z,0)eX x A reX
Here, ko g.6(7,a) = (o, f(z,a,ng)) +0z+ ) .cx B (p(z | x,a, up) — pp(z)). For fixed dual variables,
the 1nner maximization over v is solved by the Boltzmann distribution, and the corresponding recovered
policy 1s given by: )
o x,a *
v (z,a) = ciii >, ™(a | z) = v'(@,a)
23,0 nE(r)
which uniquely maximizes the entropy-regularized objective. This yields a fully tractable dual with no

duality gap.

Theorem 1 The dual objective h is L-smooth and p(D)-strongly convex over any compact subset D C R,
where m = k + 2|X|. Specifically,

L:=2M*\/]x| |A

with M a uniform bound on the gradients of the function ke, 579(:13, a). Moreover, if the set

{(f(z,a,pp), p(- | 2,0, up), e(- | z,0)) : (z,a) € X X A}
spans RF x RY x RY, then h is uniformly strongly convex on D.

Now we can introduce the gradient descent algorithm for finding the minimizer of / as follows.

Algorithm 1 Gradient Descent for Parameter Optimization
Require: (aq,3p,0)) € R and ¢ € (O, H and K € N
fork=0,1,..., K —1do

(@,8,0) « (a,8,0) — 0 Vh(ce, 8, 0)
end for
Compute v/* o.3,0 from (o, 3,0)

return (o, B @) and v* a.3.0

SA - A e

References

[1] Meyn, S. P. & Tweedie, R. L. (1993), Markov Chains and Stochastic Stability, Springer-Verlag London, Stochastic Modelling and Applied Probability.

[2] Ziebart, B. D. (2008), Modeling Purposeful Adaptive Behavior with the Principle of Maximum Causal Entropy, Ph.D. thesis, Carnegie Mellon Uni-
versity.

[3] Syed, U. & Schapire, R. E. (2007), A game-theoretic approach to apprenticeship learning, in Advances in Neural Information Processing Systems
(NeurIPS), pp. 1449-1456.

[4] Dupuis, P. & Ellis, R. S. (1997), Formulation of Large Deviation Theory in Terms of the Laplace Principle. In: A Weak Convergence Approach to the
Theory of Large Deviations, Wiley-Interscience, ch. 1, pp. 1-47.

[5] Sion, M. (1958), On general minimax theorems, Pacific Journal of Mathematics, 8, pp. 171-176.



